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1. Introduction
Consider the initial value problem for the equation
utt − Δu + ueu2 = 0 on R× R2 (1)
with smooth Cauchy data
(u, ut)|t=0 = (u0, u1) ∈ C∞(R2). (2)
It suﬃces to consider times t > 0. Multiplying (1) with ut, for a smooth global
solution u of (1) we obtain the conservation law
0 =
d
dt
e(u) − div(∇u · ut) (3)
for the energy density
e(u) =
1
2
(|ut|2 + |∇u|2 + eu2 − 1). (4)
and the density of momentum
m(u) = ∇u · ut.
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Since clearly |m(u)| ≤ e(u), integration of (3) over a truncated light cone yields
E(u(t), BR(x0)) :=
∫
BR(x0)
e(u(t))dx ≤ E(u(s + t), BR+|s|(x0)) (5)
for any x0 ∈ R2, R > 0, and 0 < s+ t, t. In particular, energy will spread with speed
at most 1 and solutions for compactly supported data will have compact support at
any given time t > 0. Integrating (3) over [0, t] × R2 then we ﬁnd the global energy
identity
E(u(t)) =
∫
R2
e(u(t))dx = E(u(0)) (6)
for all t > 0.
Equation (1) is related to the critical Sobolev embedding in 2 space dimensions.
Let Ω be a bounded domain in R2. Recall the Moser-Trudinger inequality
sup
u∈H10 (Ω);||∇u||2L2(Ω)≤1
∫
Ω
e4πu
2
dx < ∞; (7)
see [6], [14]. The exponent α = 4π is critical for this Orlicz space embedding in the
sense that for any α > 4π there holds
sup
u∈H10 (Ω);||∇u||2L2(Ω)≤1
∫
Ω
eαu
2
dx = ∞. (8)
On account of the obvious scaling property
sup
u∈H10 (Ω);||∇u||2L2(Ω)=1
∫
Ω
eαu
2
dx = sup
u∈H10 (Ω);||∇u||2L2(Ω)=α
∫
Ω
eu
2
dx (9)
and in view of (7), (8) the Cauchy problem for (1) with initial energy E(u(0)) < 2π
then may be regarded as “sub-critical”, while the case E(u(0)) = 2π appears to be
“critical”. In [2] Ibrahim, Majdoub, and Masmoudi demonstrated that problem (1),
(2) is well-posed in these cases. Jointly with Nakanishi the same authors later even
showed scattering for (1) whenever the initial energy E(u(0)) ≤ 2π; see [4].
On the other hand, in view of (8) above for E(u(0)) > 2π not even a locally
uniform spatial L1-bound is available for the term ueu
2
. In analogy with nonlinear
wave equations
utt − Δu + u|u|p−2 = 0 on R× Rn
with p > 2nn−2 in n ≥ 3 space dimensions, where the nonlinear term cannot be
bounded in the dual space of H1 in terms of the Dirichlet energy, the Cauchy problem
for equation (1) was therefore termed “super-critical” for initial data with energy
E(u(0)) > 2π. The recent results [1], [3] of Ibrahim, Jrad, Majdoub, and Masmoudi,
showing that the local solution of the Cauchy problem (1), (2) does not depend on
the initial data in a locally uniformly continuous fashion when E(u(0)) > 2π, seemed
to further justify this classiﬁcation and sparked further interest in this equation, in
the hope that the study of (1), (2) for large data might lead to progress on the
challenging issues surrounding super-critical problems in general.
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However, we shall see that problem (1), (2) never admits solutions that blow
up in ﬁnite time, no matter how large the energy of the initial data is. Indeed, in
[11] we proved the following result.
Theorem 1.1. For any radially symmetric data (u0, u1) = (u0(|x|), u1(|x|)) ∈ C∞(R2)
there exists a unique, smooth solution u = u(t, |x|) to the Cauchy problem (1), (2),
deﬁned for all time.
In a recent paper [12], moreover, we were able to remove the assumption of radial
symmetry of the data. No weighted energy estimates are required in the proof, as
would be expected in a truely “super-critical” context. Whereas these results suggest
that problem (1), (2) still belongs to the realm of “critical” equations, so far nothing
is known about scattering for large energies or about continuous dependence in the
energy norm, and there might still be surprises. These questions certainly will require
further study. See [3], [5], [10], [13] for recent results on supercritical wave equations,
and [7], [9] for further background.
In these lectures we present the detailed argument for regularity in the radial
case. Indeed, this is the case where singularities would seem most likely to occur. In
the following sections we ﬁrst brieﬂy review the local existence theory for problem
(1), (2) for arbitrary smooth initial data and recall the global well-posedness results
of [2] for small energy. Assuming that the local solution to (1), (2) for certain data
cannot be extended to all of space-time, in Section 3 we arrive at a simpliﬁed blow-
up scenario with a smooth, radially symmetric solution on a light cone blowing up at
the origin. The blow-up is characterized by concentration of energy. In order to rule
out blow-up, it thus suﬃces to show that, in fact, contrary to the above, the energy
of our solution decays near the origin. As a ﬁrst step towards this goal, by making
full use of the energy inequality, in Section 4 we derive decay of the energy ﬂux
on the lateral boundary of the light cone. In view of radial symmetry, the decay of
the ﬂux implies pointwise estimates away from the axis x = 0 which, when coupled
with an argument of Shatah-Tahvildar-Zadeh [8], in Sections 5-7 allow to prove full
energy decay. This concludes the proof. It is only in Section 5 where the assumption
of radial symmetry crucially enters.
2. Local existence
In this section we allow arbitrary smooth initial data (u0, u1) for (1), (2).
Lemma 2.1. Given smooth initial data (u0, u1), there exists a smooth local solution
u of the initial value problem (1), (2) in an open neighborhood of {0} × R2.
Proof. i) Suppose that (u0, u1) are compactly supported. Given L > 1, deﬁne the
function gL(u) = umin{eL2 , eu2} with potential GL satisfying
2GL(u) = (1 + (u2 − L2)+)eu2−(u2−L2)+ ≤ eu2 ,
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where s+ = max{0, s} for s ∈ R. For any L > 1 then gL is uniformly Lipschitz.
Hence the initial value problem
utt − Δu + gL(u) = 0 on R× R2 (10)
with data (2) admits a unique global solution u = uL of class H2 satisfying the
energy estimate
EL(u(t), BR(x0)) :=
∫
BR(x0)
eL(u(t))dx ≤ EL(u(0), BR+t(x0)) ≤ E(u(0)) (11)
for any x0 ∈ R2, R > 0, t > 0, where
eL(u) =
1
2
(|ut|2 + |∇u|2)+ GL(u) ≤ e(u) ;
confer for example [9], pp. 59-61. In addition, upon taking spatial diﬀerence quotients
∂
(h)
i u(t, x) =
u(t, x + hei) − u(t, x)
h
in (10), multiplying by ∂t∂
(h)
i u(t, x) and passing to the limit h → 0, similar to (3)
we have
1
2
d
dt
|D∇u|2 − div(∇2u · ∇ut) ≤ CL|∇u||D∇u| on R× R2 , (12)
where D = ( ddt ,∇) and where CL is the Lipschitz constant of gL. In particular, letting
Kt00 be the light cone with base BR(x0), truncated at height t0, upon integration we
ﬁnd
sup
0<t<t0
∫
BR−t(x0)
|D∇u(t)|2 dx
≤
∫
BR(x0)
|D∇u(0)|2 dx + 2CL
∫
K
t0
0
|∇u||D∇u| dx dt.
Using Ho¨lder’s and Young’s inequalities to estimate∫
K
t0
0
|∇u||D∇u| dx dt ≤
(
t0 sup
0<t<t0
∫
BR−t(x0)
|D∇u|2 dx ·
∫
K
t0
0
|∇u|2 dx dt
)1/2
≤ 1
4CL
sup
0<t<t0
∫
BR−t(x0)
|D∇u(t)|2 dx + CLt0
∫
K
t0
0
|∇u|2 dx dt,
then for any x0 ∈ R2, 0 < t0 < R we obtain
sup
0<t<t0
∫
BR−t(x0)
|D∇u(t)|2 dx ≤ 2
∫
BR(x0)
|D∇u(0)|2 dx + 8C2Lt20E(u(0)).
By Sobolev’s embedding H2 ↪→ L∞ on any ball BR−t(x0) then, in particular, u is
uniformly bounded on Kt00 . Choosing L > 1 suﬃciently large and then choosing
t0 > 0 suﬃciently small, we can achieve that |uL(t, x)| < L for all (t, x) ∈ Kt00 ;
that is, u = uL solves the original problem (1), (2) on Kt00 . Since ﬁnitely many such
truncated cones cover the support of u0 and u1, and since by (11) the support of
uL(t) for any L > 1 grows with speed at most 1, for suﬃciently large L > 1 and
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suﬃciently small t0 > 0 then u = uL solves the original problem (1), (2) on all of
[0, t0] × R2.
ii) For compactly supported smooth data (u0, u1), (v0, v1), respectively, let u,
v, respectively, be the local smooth solutions to (1), (2) obtained in step i). Suppose
that u0 = v0, u1 = v1 on BR(x0). Then w = u− v satisﬁes the equation
wtt − Δw + w(eu2 − ev2)/(u− v) = 0 on R× R2 (13)
with data w = 0, wt = 0 on BR(x0). Multiplying (13) by wt and noting that for
small time 0 < t < t0 ≤ R with a uniform constant C0 > 0 we can estimate
|eu2 − ev2 | ≤ C0|u− v| on [0, t0] ×BR(x0), we obtain the conservation law
1
2
d
dt
|Dw|2 − div(∇w · wt) ≤ C0|w||wt| on [0, t0] ×BR(x0).
Letting Kt00 be as in step i) above and recalling that Dw(0) = 0 on BR(x0), upon
integration and by use of Ho¨lder’s and Young’s inequalities as above we ﬁnd
sup
0<t<t0
∫
BR−t(x0)
|Dw(t)|2 dx ≤ 2C0
∫
K
t0
0
|w||Dw| dx dt
≤ 1
2
sup
0<t<t0
∫
BR−t(x0)
|Dw(t)|2 dx + 2C20 t0
∫
K
t0
0
|w|2 dx dt.
Finally, Poincare´’s inequality gives∫
K
t0
0
|w|2 dx dt ≤ t20
∫
K
t0
0
|wt|2 dx dt ≤ t30 sup
0<t<t0
∫
BR−t(x0)
|Dw(t)|2 dx .
Hence for suﬃciently small t0 > 0 we have w = 0 and therefore u = v on Kt00 .
iii) Given arbitrary smooth initial data (u0, u1) and any point x0 ∈ R2, any
radius R > 0, we may truncate the data outside the ball BR(0) to obtain initial data
with compact support. For suﬃciently small t0 > 0, possibly depending on x0 and
R, the local solution v of (1), (2) for these data then provides a unique solution u
to (1), (2) for the given data (u0, u1) in the truncated light cone Kt00 deﬁned above.
Thus for arbitrary smooth initial data (u0, u1) there always exists a local smooth
solution u of (1), (2) in an open neighborhood of {0} × R2. 
3. Simpliﬁed blow-up scenario
In preparing for the proof of Theorem 1.1 we now assume that the local solution u
to (1), (2) for certain Cauchy data u0, u1 ∈ C∞(R2) cannot be smoothly extended
to a neighborhood of some point (T0, x0) where T0 ≥ 0. We contend that we may
assume that (u0, u1) are compactly supported, T0 > 0, and that u ∈ C∞([0, T0[×R2).
Indeed, choose a function τ = τ(|x|) ∈ C∞0 (R2) such that τ ≡ 1 on a ball BR(x0)
for some R > T0. By Lemma 2.1 there exists a unique local solution u˜ to (1), (2)
with Cauchy data (τu0, τu1) and u˜ ∈ C∞([0, T1[×R2) for some maximal number
0 < T1 ≤ ∞. Moreover, as shown in step ii) of the proof of Lemma 2.1, the functions
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u and u˜ agree on the truncated light cone Kt00 , where t0 = min{T0, T1}. It follows
that T1 ≤ T0; otherwise u˜ would yield a smooth extension of u in a neighborhood of
(T0, x0).
Note that we can characterize blow-up through concentration of energy. Indeed,
from [2] we have the following criterion for a ﬁrst blow-up point (T0, x0).
Lemma 3.1. There exists ε0 > 0 such that for any solution u ∈ C∞([0, T0[×R2) of
(1) that cannot be smoothly extended to a neighborhood of a point (T0, x0) there holds
E(u(t), BT0−t(x0)) ≥ ε0 for all 0 < t < T0 .
In fact, we may take ε0 = π/10.
Proof. Suppose we have E(u(T ), BT0−T (x0)) < π/10 for some 0 < T < T0. We may
then choose R > 0 such that E(u(T ), BT0−T+R(x0)) ≤ π/10, and by (5) there holds
the uniform energy bound
E(u(t), BT0−t+R(x0)) ≤ π/10 for all T ≤ t < T0 . (14)
We claim that as a consequence of (14) there exists a number ρ > 0 such that the
functions eu
2(t) are uniformly bounded in L8(BT0−t+ρ(x0)) for T ≤ t < T0. To see
this, it suﬃces to establish such a uniform bound on B2ρ(x1)) for any such t and any
point x1 ∈ BT0−t(x0). To simplify the notation we shift coordinates so that x1 = 0.
Observe that for any a > 0, b > 1 we can estimate
ab ≤ (ea − 1) + b log b ;
thus, for any a, b > 0 there holds
ab ≤ (ea − 1) + b log(1 + b) .
For any Lipschitz continuous cut-oﬀ function 0 ≤ τ ≤ 1 supported in BR(0), upon
letting a = u2(t), b = |∇τ |2 in the previous estimate for any T ≤ t < T0 we can
therefore bound
||∇(τu(t))||2L2(BR(0)) ≤ 2||∇u(t)||2L2(BR(0)) + 2||u(t)∇τ ||2L2(BR(0))
= 2
∫
BR(0)
(|∇u(t)|2 + u2(t)|∇τ |2) dx
≤ 4E(u(t), BR(0)) + 2
∫
BR(0)
|∇τ |2 log(1 + |∇τ |2) dx .
Choosing τ = τL(|x|) with τL(r) = min{1, (log log log(1r )− log log logL)+}, for suﬃ-
ciently large L > 1/R we can achieve that
2
∫
BR(0)
|∇τ |2 log(1 + |∇τ |2) dx ≤ C
∫ 1/L
0
log(1/r) dr
(log log(1/r) log(1/r))2 r
≤ π
10
.
For such L then τLu(t) ∈ H10 (BR(0)) satisﬁes ||∇(τLu(t))||2L2(BR(0)) ≤ π/2 and
the Moser-Trudinger inequality implies a uniform bound for eτ
2
Lu
2(t) in L8(BR(0)).
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Choosing ρ > 0 such that
log log log(
1
2ρ
) = 1 + log log logL
then τ = 1 on B2ρ(0)), and our claim follows.
Again let D = ( ddt ,∇) denote the space-time diﬀerential. Diﬀerentiating (1) in
space and multiplying by ∇ut, similar to (12) we obtain the identity
d
dt
|D∇u|2 − div(∇2ut · ∇ut) = ∇u(1 + 2u2)eu2∇ut . (15)
By Young’s inequality and the obvious estimate 1 + u2 ≤ eu2 we can estimate the
right hand side
|∇u(1 + 2u2)eu2∇ut| ≤ Ce8u2 + |∇u|4 + |D∇u|2 ,
where C is an absolute constant. For any T ≤ t < T0, with D(t) = {t}×BT0−t+ρ(x0)
an interpolation inequality of Gagliardo-Nirenberg-Ladyzhenskaya allows to bound∫
D(t)
|∇u|4dx ≤ C
∫
D(t)
|∇u|2dx ·
∫
D(t)
(ρ−2|∇u|2 + |∇2u|2)dx
≤ CE(u(t), D(t))
(
ρ−2E(u(t), D(t)) +
∫
D(t)
|∇2u|2dx
)
.
In view of the energy inequality (5) and the fact that the functions eu
2(t) are uni-
formly bounded in L8(D(t)) for T ≤ t < T0, hence we ﬁnd∫
D(t)
|∇u(1 + 2u2)eu2∇ut|dx ≤ C + C
∫
D(t)
|D∇u|2dx.
Upon integrating the conservation law (15) over the truncated backward light cone
KT0T = {(t, x);T < t ≤ T0, |x− x0| < T0 − t + ρ}
there results a uniform bound for u(t) in H2(D(t)), T < t ≤ T0. By Sobolev’s
embedding then u ∈ L∞(KT0T ) and u smoothly extends to a neighborhood of (T0, x0),
contrary to assumption. 
So far, our discussion has been completely general. In the radial case now, a ﬁrst
singularity can only occur at x0 = 0. Indeed, by the energy inequality and Sobolev’s
embedding the solution u is uniformly bounded away from the axis x = 0. Hence
if u is smooth on [0, T0[×R2 and x0 	= 0, u extends smoothly to a neighborhood of
(T0, x0). Alternatively, we may also invoke Lemma 3.1 to see this: If (T0, x0) is a
ﬁrst singularity and x0 	= 0, then any point (T0, x1) with |x1| = |x0| also is a ﬁrst
singularity and by Lemma 3.1 for any 0 < t < T0 we have E(u(t), BT0−t(x1)) ≥ ε0.
But for any K ∈ N and suﬃciently large t < T0 we can ﬁnd points xk with |xk| = |x0|,
1 ≤ k ≤ K, such that the balls BT0−t(xk)1≤k≤K are disjoint, and we conclude
E(u(t)) ≥
K∑
k=1
E(u(t), BT0−t(xk)) ≥ Kε1,
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contradicting the energy estimate (5) for large K.
Shifting time by T0 and then reversing the arrow of time, in the following we
may therefore assume that we have a compactly supported solution u = u(t, |x|) ∈
C∞(]0, T0] × R2) of (1) blowing up at (0, 0).
4. Improved energy inequality and ﬂux decay
To proceed we will need a sharper version of the local energy estimate (5). For ease
of notation we state this estimate only in the case when x0 = 0 which will be the only
case of interest later. Moreover, we replace our original choice eu
2 − 1 of potential
for the nonlinear term in (1) by the function eu
2
. While the former choice has the
advantage of attributing a ﬁnite total energy to any smooth compactly supported
data, the latter one turns out to be more convenient when working on a bounded
domain.
Denoting as v(y) = u(|y|, y) the restriction of u to the lateral boundary
MTS = {z = (t, x);S ≤ t ≤ T, |x| = t}
of the truncated forward light cone
KTS = {z = (t, x);S ≤ t ≤ T, |x| ≤ t}
with vertex at z = (0, 0), and letting
Flux(u,MTS ) :=
1
2
∫
BT \BS(0)
(|∇v|2 + ev2)dy ,
upon integrating (3) over KTS we ﬁnd the identity
E(u(S), BS(0)) + Flux(u,MTS ) = E(u(T ), BT (0)) (16)
for all 0 < S < T ≤ T0. In particular, limT↓0 E(u(T ), BT (0)) exists and we conclude
decay of the ﬂux
Flux(u,MT0 ) := sup
0<S<T
Flux(u,MTS ) → 0 as T ↓ 0. (17)
Finally, from (16) and Lemma 3.1 we also have the uniform bounds
0 < ε0 ≤ E(u(T ), BT (0)) ≤ E(u(T0), BT0(0)) ≤ E(u(T0)) =: E0 (18)
for 0 < T < T0. We also denote MT = MT0 , K
T = KT0 for brevity.
5. Exterior energy decay
Our aim is to show that contrary to (18) the energy E(u(t), Bt(0)) → 0 as t ↓ 0.
The ﬁrst crucial step in deriving this energy decay is the following result.
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Lemma 5.1. For any number 0 < λ ≤ 1 there holds
E(u(t), Bt(0) \Bλt(0)) → 0 as t ↓ 0.
The proof of Lemma 5.1 has two ingredients.
5.1. Pointwise estimates
By radial symmetry we have v(y) = u(|y|, y) = v(|y|). For 0 < t < T1 ≤ T0 by
Ho¨lder’s inequality then we can bound
|v(t)| ≤ |v(T1)| +
∫ T1
t
|v′(s)|ds ≤ |v(T1)| +
(∫ T1
t
|∇v|2sds ·
∫ T1
t
ds
s
)1/2
≤ |v(T1)| + Flux1/2(u,MT1t ) log1/2(T1/t) .
By (17) we may choose 0 < T1 ≤ min{1, T0} such that for all 0 < t ≤ T1 there holds
Flux1/2(u,MT1t ) ≤ Flux1/2(u,MT1) ≤ 1/3 .
Also ﬁxing 0 < T2 ≤ T1 so that 6|v(T1)| ≤ log1/2(1/t) for 0 < t ≤ T2 and observing
that log(T1/t) ≤ log(1/t) for our choice of T1, we thus obtain the bound
|v(t)| ≤ 1
2
log1/2(1/t) for all 0 < t ≤ T2 . (19)
The estimate (19) extends into the interior of the light cone. Indeed, for any
0 < λ ≤ 1 and any (t, x) with 0 < λt ≤ |x| ≤ t ≤ T2 by Ho¨lder’s inequality we can
estimate
|u(t, |x|)| ≤ |u(t, t)| +
∫ t
|x|
|ur(t, r)|dr ≤ |v(t)| +
(∫ t
λt
|∇u|2rdr ·
∫ t
λt
dr
r
)1/2
≤ 1
2
log1/2(1/t) + (E(u(t), Bt(0)))1/2 log1/2(1/λ)
≤ 1
2
log1/2(1/t) + E1/20 log
1/2(1/λ) ≤ log1/2(1/t),
(20)
provided that 0 < t ≤ T3 for suitable 0 < T3 = T3(λ) ≤ T2. Observing that
t log(1/t) ≤ 1 for all t > 0, for 0 < λt ≤ |x| ≤ t ≤ T3 then we obtain the bound
|x|2u2(t, x)eu2(t,x) ≤ t log(1/t) ≤ 1. (21)
5.2. Propagation of ﬂux decay
The pointwise estimate (21) above allows to use a method of Shatah and Tahvildar-
Zadeh [8], Lemma 2.2, to propagate the decay of ﬂux from the lateral boundary into
the interior of the light cone. For completeness we give the proof in detail. Note that
we succeed in simplifying a key part of the original argument in [8].
Set r = |x| and let
e =
1
2
(u2r + u
2
t + e
u2), m = ur · ut.
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Also letting
F (u) = eu
2
, f(u) = 2ueu
2
, L =
1
2
(u2r − u2t − F (u)) − rf(u)ur,
we compute
∂t(re) − ∂r(rm) = 0, ∂t(rm) − ∂r(re) = L, (22)
where the ﬁrst equation corresponds to the conservation law (3).
Introduce the characteristic coordinates
ξ = t + r , η = t− r ,
and deﬁne non-negative quantities A, B with
A2 = r(e−m), B2 = r(e + m) .
Upon adding and subtracting the equations (22), respectively, we arrive at the iden-
tities
∂ξA
2 = −L/2, ∂ηB2 = L/2 . (23)
Given any 0 < λ ≤ 1 now the pointwise estimate (21) for any (t, r) with 0 < λt ≤
r ≤ t ≤ T3 permits to bound
r2f2(u) = 4r2u2eu
2
F (u) ≤ 4F (u).
Thus for any such (t, r) we have
L2 =
1
4
(u2r − u2t − F (u))2 − (u2r − u2t − F (u))rf(u)ur + r2f2(u)u2r
≤ (u2r − u2t )2 + F 2(u) + 2r2f2(u)u2r ≤ (u2r − u2t )2 + F 2(u) + 8F (u)u2r
≤ 4 ((u2r − u2t )2 + 2(u2r + u2t )F (u) + F (u)2)
= C(e2 −m2) = CA
2B2
r2
.
(24)
Given 0 < ε < 1, in view of (17) we may ﬁx 0 < ξ0 =: 2Tε < T3 so that∫ ξ0
0
B2(ξ, 0) dξ = π−1Flux(u,MTε) < ε . (25)
Note that by (16) we also have
∫ ξ0/2
0
A2(ξ0, η) dη ≤ E0 .
By absolute continuity of the Lebesgue integral, given ε > 0 there is a number
0 < ηε ≤ ξ0/2 such that for any 0 < η1 < ηε we have∫ η1
0
A2(ξ0, η) dη < ε . (26)
Given 0 < λ < 1, for any ξ1 > 0 set η1 = 1−λ1+λξ1. Since η1 ↓ 0 as ξ1 ↓ 0, we can ﬁnd a
number 0 < ξε ≤ ξ0/2 such that for 0 < ξ1 < ξε we have 0 < η1 < ηε and (26) holds.
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Fix 0 < ξ1 < ξε with corresponding η1. For any (ξ2, η2) with ξ1 ≤ ξ2 ≤ ξ0,
0 ≤ η2 ≤ η1, upon integrating the equations (23) over the intervals [ξ2, ξ0], [0, η2],
respectively, on account of (24)-(26) we obtain∫ η2
0
A2(ξ2, η) dη +
∫ ξ0
ξ2
B2(ξ, η2) dξ
≤
∫ η2
0
A2(ξ0, η) dη +
∫ ξ0
ξ2
B2(ξ, 0) dξ +
∫ η2
0
∫ ξ0
ξ2
|L| dξ dη
≤ 2ε + C
∫ η2
0
∫ ξ0
ξ2
AB
r
dξ dη .
(27)
Note that with a constant C = C(λ) we can bound ξ ≤ Cr throughout the region
[ξ1, ξ0] × [0, η1]. Therefore we can estimate∫ η2
0
∫ ξ0
ξ2
AB
r
dξ dη ≤ C
∫ η2
0
∫ ξ0
ξ1
AB
ξ
dξ dη
≤ C
(∫ η2
0
∫ ξ0
ξ1
A2
ξ3/2
dξ dη ·
∫ η2
0
∫ ξ0
ξ1
B2
ξ1/2
dξ dη
)1/2
≤ C
(
ξ−11 sup
ξ1<ξ<ξ0
∫ η2
0
A2(ξ, η) dη ·
∫ η2
0
∫ ξ0
ξ1
B2 dξ dη
)1/2
.
(28)
Inserting (28) in (27) and using Young’s inequality, for all ξ2 ∈ [ξ1, ξ0] we then ﬁnd∫ η2
0
A2(ξ2, η) dη +
∫ ξ0
ξ2
B2(ξ, η2) dξ
≤ 2ε + 1
2
sup
ξ1<ξ<ξ0
∫ η2
0
A2(ξ, η) dη + Cξ−11
∫ η2
0
∫ ξ0
ξ1
B2 dξ dη .
(29)
Passing to the supremum with respect to ξ2 ∈ [ξ1, ξ0], we can absorb the second
term on the right in the left hand side and we obtain the uniform bound
sup
ξ1<ξ<ξ0
∫ η2
0
A2(ξ, η) dη ≤ 4ε + Cξ−11
∫ η2
0
∫ ξ0
ξ1
B2 dξ dη (30)
for any η2 ∈ [0, η1]. Inserting this bound in (29) and setting ξ2 = ξ1, with a uniform
constant C1 for all η2 ∈ [0, η1] we ﬁnd∫ ξ0
ξ1
B2(ξ, η2) dξ ≤ 4ε + C1ξ−11
∫ η2
0
∫ ξ0
ξ1
B2 dξ dη .
For the function
Φ(η2) :=
∫ η2
0
∫ ξ0
ξ1
B2 dξ dη,
this translates into
d
dη
Φ ≤ 4ε + C1ξ−11 Φ .
The function
f(η) = e−C1η/ξ1Φ(η)
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then satisﬁes
d
dη
f ≤ 4εe−C1η/ξ1 ≤ 4ε, f(0) = 0 .
Hence
f(η1) ≤ 4εη1 ≤ 4εξ1.
It follows that
Φ(η1) ≤ 4εξ1eC1η1/ξ1 ≤ Cεξ1 ,
and (30) implies ∫ η1
0
A2(ξ1, η) dη ≤ 4ε + Cξ−11 Φ(η1) ≤ Cε .
But then by energy conservation (3) – best written in the form (22) – at time
t = ξ1+η12 =
ξ1
1+λ we have
E(u(t), Bt(0) \Bλt(0)) ≤
∫ η1
0
A2(ξ1, η) dη +
∫ ξ1+η1
ξ1
B2(ξ, 0) dξ ≤ Cε .
Since ε > 0 and ξ1 ∈]0, ξε[ are arbitrary, the proof of Lemma 5.1 is complete. 
6. Time derivative decay
By arguing like Shatah and Tahvildar-Zadeh [8], Corollary 2.3, from Lemma 5.1 we
deduce the following result.
Lemma 6.1. We have
1
T
∫
KT
|ut|2 dz → 0 as T ↓ 0.
Proof. Multiplying (1) by x · ∇u we obtain the identity
0 =
d
dt
(
ut x · ∇u
)
+ div
(x
2
(|∇u|2 − |ut|2 + eu2) −∇u x · ∇u
)
+ |ut|2 − eu2 .
Upon integrating this equation over KTS and letting S → 0, we ﬁnd∫
KT
|ut|2 dz ≤
∫
KT
eu
2
dz −
∫
{T}×BT (0)
(ut x · ∇u)dx + CTFlux(u,MT0 )
≤
∫
KT
eu
2
dz + o(T ),
(31)
where o(T )/T → 0 as T → 0 on account of Lemma 5.1 and (17). Next we multiply
(1) by u/ log(1/t) to obtain the identity
0 =
d
dt
( utu
log(1/t)
)− div( u∇u
log(1/t)
)
+
|∇u|2 − |ut|2
log(1/t)
− utu
t log2(1/t)
+
u2eu
2
log(1/t)
.
(32)
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Estimating |u| ≤ |u − v| + |v|, by Poincare´’s inequality, (18) and (19) for 0 < t ≤
T ≤ T2 we can bound∫
{t}×Bt(0)
|utu|dx ≤ C
(∫
{t}×Bt(0)
|ut|2dx ·
∫
{t}×Bt(0)
(|u− v|2 + |v|2)dx)1/2
≤ Ct(
∫
{t}×Bt(0)
|∇u|2dx + v2(t))1/2 ≤ CT log1/2(1/T );
therefore∫
{T}×BT (0)
|utu|
log(1/T )
dx = o(T ),
∫
KT
|utu|
t log2(1/t)
dz ≤ C T
log1/2(1/T )
= o(T ).
Bounding the remaining terms in (32) in similar fashion, we ﬁnally obtain that∫
KT
u2eu
2
log(1/t)
dz ≤ o(T ).
Together with (31) the latter estimate yields∫
KT
|ut|2dz ≤
∫
KT
(1 − u
2
log(1/t)
)eu
2
dz + o(T ) ≤ o(T ).
Here we observe that (1 − u2log(1/t)) ≤ 0 unless u2 ≤ log(1/t); therefore∫
KT
(1 − u
2
log(1/t)
)eu
2
dz ≤
∫
KT
1
t
dz ≤ CT 2. 
7. Energy decay: Proof of Theorem 1.1
By Lemma 6.1 there is a sequence of numbers Tk ↓ 0 as k → ∞ such that for t = Tk
and t = Tk/2 there holds ∫
{t}×Bt(0)
|ut|2dx → 0 as k → ∞.
For such T = Tk let
v¯ = v¯k =
∫
BT \BT/2(0)
v dy =
4
3πT 2
∫
BT \BT/2(0)
v dy.
Note that (19) implies that |v¯| ≤ log1/2(1/T ) for large k. Multiply (1) by (u− v¯) to
obtain the identity
0 =
d
dt
(
ut(u− v¯)
)− div(∇u(u− v¯))+ |∇u|2 − |ut|2 + u(u− v¯)eu2 . (33)
Integrating (33) over KTT/2 we then obtain∫
KT
T/2
(|∇u|2 − |ut|2 + u(u− v¯)eu2) dz
=
1√
2
∫
MT
T/2
(ut + ur)(u− v¯) do−
∫
{t}×Bt(0)
ut(u− v¯) dx
∣∣∣T
t=T/2
.
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At t = T and t = T/2 we estimate |u− v¯| ≤ |u− v(t)| + |v(t) − v¯| and observe that
by Poincare´’s inequality we can bound∫
{t}×Bt(0)
|u− v(t)|2 dx ≤ CT 2
∫
{t}×Bt(0)
|∇u|2dx ≤ CT 2
as well as
|v(t) − v¯|2 ≤
∫
BT \BT/2(0)
|v(t) − v|2dy ≤ CFlux(u,MTT/2) ≤ C . (34)
Thus, at t = T and t = T/2 we have∫
{t}×Bt(0)
|ut||u− v¯| dx ≤ C
(∫
{t}×Bt(0)
|ut|2dx
∫
{t}×Bt(0)
|u− v¯|2 dx)1/2
≤ CT (
∫
{t}×Bt(0)
|ut|2dx
)1/2(∫
{t}×Bt(0)
|∇u|2dx + Flux(u,MTT/2)
)1/2 = o(T ) .
Similarly, by Ho¨lder’ s inequality and (34) we ﬁnd that
1√
2
∫
MT
T/2
(ut + ur)(u− v¯) do
≤
∫
BT \BT/2(0)
|∇v||v − v¯| dy ≤ CTFlux(u,MTT/2) = o(T ) .
Finally, recalling (18) and observing that the bound
u(u− v¯) = |u− v¯/2|2 − |v¯|2/4 ≥ −|v¯|2
may be improved to yield u(u− v¯) ≥ 1 for |u(z)| ≥ 1 + |v¯|, with Lemma 6.1 we ﬁnd
Tε0 ≤
∫
KT
T/2
(|∇u|2 + |ut|2 + eu2) dz
≤
∫
KT
T/2
(|∇u|2 − |ut|2 + u(u− v¯)eu2) dz
+ 2
∫
KT
T/2
|ut|2 dz +
∫
{z∈KT
T/2
;|u(z)|<1+|v¯|}
(1 + |v¯|2)e(1+|v¯|)2dz
≤
∫
KT
T/2
(1 + log(1/T ))e(1+log
1/2(1/T ))2dz + o(T ) ≤ o(T ) .
For large k a contradiction results, which ends the proof of Theorem 1.1.
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